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Abstract

Approximate formulas are derived for the intensity of diatomic molecular elec-
tronic transitions. The formulas correspond to various models of the spectrum,
ranging from a monochromatic approximation to others in which more details of
the vibrational and rotational structure are taken into account. Some of these
methods are well known, while others appear to be new. Choice of the appropriate
method in a given circumstance depends upon the spectral shape, knowledge of
the molecular parameters, and the desired accuracy of the calculation. Each model
is applied to the CN violet system to illustrate its accuracy.
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Approximate Formulas for the Intensity of Electronic
Transitions in Diatomic Molecules

|. Introduction

A molecular spectrum arising from electronic transitions
consists of many lines that correspond to different initial
and final vibrational and rotational states. Lines are also
broadened and shifted by various mechanisms making
details of the spectrum difficult to predict. However, for
some purposes, the interest is primarily in the total radia-
tion or in a rough idea of local features. In such cases,
calculations can be considerably simplified. We will derive
several approximate formulas connected with different
models of the spectrum which are useful in problems of
this kind.

We begin by defining notation and reviewing some basic
relationships. The energy levels of a molecule will be
denoted as shown in Fig. 1. A given electronic state is
composed of many vibrational states (with energy E, above
the lowest vibrational level) and rotational states (with
energy E,; above the lowest rotational level in a given
vibrational state). As shown in Fig. 1, the lowest level in
the electron state has energy E, above the ground state of
the molecule.
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If the molecules are in thermal equilibrium and obey
Boltzmann statistics, the fraction of all molecules in a par-
ticular ev] level is

e+ Ey + E,
Nevl Ee (2] + 1) exp [ - -(_Ii_+_kT+_)]

where g, is the electron degeneracy given by g. = 2S + 1
for = states and 2(2S + 1) for all other states. Here, S is
the spin quantum number of the electron state. The
denominator

0= CEEEE)

g.(2] +1) exp[ T

allew,J

is the total partition function.



E, =hec ?I'oo

Fig. 1. Energy level diagram

The fraction of molecules in a given electron state,
regardless of the vibrational or rotational level, is

Equation (1) can then be rewritten as

E, E,
N exp(- ﬁ> @] +1) exp(— ﬁ>

Nl = Fs Zexp(_%>2(2l+1)exp(—%>

’ (4)

We now write the rotational energies as
E;=J({J + 1) hcB, 5

where B, is a constant depending only on the electron
state, and not on the vibrational state. This approximation
is accurate enough for our purposes (Ref. 1). The rota-
tional state with the highest population corresponds to

d J{J +1)heB.7| _
d—](2]+ l)exp[———l—a-,———] =0

or

(KT \: 1
Tmae = (2the) 2

Supposing the gas to be hot enough that J,., >> 1, the
rotational partition function

Qi= Z (2] + 1) exp (— —%) (6)

can be approximated by an integral

- + 1) heB, kT
Q,g/ (2J+1)exp[—I—U—k—120—]dI= —

(7)

Since we have assumed the rotational constant to be inde-
pendent of the vibrational level, the total partition func-
tion can be factored, and Eq. (4) can be written as

exp (— -,%,—) (1 +1) exp( — %)
0. 0 ®

=Fe,7'

where the vibrational partition function is
E,
0.= > ew(-g7) ©

Suppose a molecule makes a transition from an upper
state n to a lower state m. If A,,, is the Einstein transition
probability, hcv,,, the transition energy (with the wave
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number #%,,, in cm-'), and the number density of molecules
in the upper state N,, the total emitted intensity is

Irm = Nn hCV,,m Anm (10)

The transition probability is related to the emission oscilla-
tor strength f*m b

2
A”m = m Z,ﬁ (1]_)
me
thus, defining r, = e?/mc? = classical electron radius,
" = N, *4r* 2hc? zr, 73, fom (12)

The intensity per steradian is obtained by dividing by 4.
If all quantities are expressed in cgs units, the right-hand
side must be multiplied by 10" to convert to the common
units of W/cm?®. Numerically, the total radiated intensity
of the n— m transition per cubic centimeter of gas can
then be written

I"™ = 1.32X 1093, N,f*» W/cm? (13)

It should be emphasized that in these formulas, and in
those that follow, a negligible self-absorption is assumed
so that only optically thin layers of radiating gas are
considered.

The oscillator strength f* can be written approximately
(Ref. 1) as the product of an oscillator strength f¢le for the

electron transition as a whole, and a Franck-Condon factor
G.» between given vibrational levels. Therefore,

om = fon Quror (14)

is related to the intensity of transitions from a completely
specified upper state (¢/,v’,]’) to lower states having
definite electron and vibrational levels (¢ and v”), but all

allowed rotational levels J”. Franck-Condon factors obey
the sum rule

2o =1
<
thus, if one sums over all final vibrational levels,

r;z: e felecz Quryr = elec (15)
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which shows the physical meaning of f¢le¢. The approxi-
mate separation of the oscillator strength into electronic
and vibrational parts is a conventional procedure, but is
not always very accurate. The oscillator strength will be
separated in the following formulas, but the two parts can
be easily recombined if desired.

Using Eqgs. (12), (8), and (14), the following is obtained:

Ie'v’.l’ —se"v’ally”

N = 4+ 2he® 710V o fore Qoo

E; , E]
o exp(— FT) 2r +1) exp( - k_TJ’)
e T

% o o

(16)

According to the selection rule A] = 0, =1, three (or some-
times two) lines are involved. Therefore, %3, _ ,. must be an
average for these lines arising from a given J’ level. They
are actually so close together that for our purposes no
important ambiguity is raised.

It is sometimes convenient to rewrite Eq. (16) in terms
of properties of the lower electron state. From Egs. (3),
(6), and (9) we have

- gooew( -5
SRR

and

"V Y _ EZ
& Qv J €Xp ( ﬁ)
Q

Also, emission and absorption oscillator strengths are
related by

9
F;,T -

(17)

gefors =gl faes (18)

so one obtains (Fig. 2)

v QvQ Er . EH viee ,
fel FeT_Q:)/Q;’/e p fais F'
(19)
Note also from Fig. 2 that

hevy. 4o = E; + E, + Ej; — (EY + E} + EY)

or
—E/+E,+E

=hevy oy +EY +EY (20



he Vf_p gt

Fig. 2. Upper and lower states

Therefore, Eq. (16) can be rewritten as

IevY —e'vallJ”

N
s ghotent, . fi Fopenp( — )
E;’ E/I
ol )ereo(en §)
X qv’v" ;’ ;’
@

Il. The Smoothed Rotational Model

The first model we will discuss is the smoothed rota-
tional model, in which individual lines are smeared out
to obtain a continuous spectrum. That is, the set of lines
belonging to a given vibrational transition will be spread
out over a continuum of frequencies, while retaining the

4

original total intensity in any frequency interval contain-
ing many lines. For given v’ and v”, we define 73" by
hewe'v = E, + E,— E, — EJ. Since rotational states have
energy ] (J + 1) hcB, above the ] = 0 state, it follows that
the wave number difference between the J’— J” line and
W i

vy—wr =]+ DB, —J]"(J” + 1B (22)

Since J can change by at most one unit in the transition,
and since we have previously assumed that large J-values
predominate, we approximate J’ o ]’ =], so that

=" =](J+1)(B. — B) (23)

Smoothing out the rotational structure means that we
treat J as a continuous variable. Differentiation of Eq. (23)
gives dv = (2] + 1) (B, — B/)d]. We then spread the J**
line over the interval dJ = 1 (i.e., just smoothing it out to
meet the neighboring line ] + 1), so that the range of wave
numbers covered by the line is

av= (2] +1)| B, — BY| 24)

using absolute value signs to make A¥ positive, by con-
vention.

Now, let lav be the intensity in the wave number inter-
val A7. From Egs. (23) and (24), we have

EY
@r+ 1)exp< - ﬁ) =

@] + 1)exp ( g +k111 th;')

AV _ ~_w,v,,)£ By
B, — B/ P =) % B - BD)

(25)
so that Eq. (21) becomes
KAy =
hev’ ., fors heB.
4 2’102‘”1'0'1"‘g exp( — ﬁ)NFe:T QZI kT‘ B; — B;'l
hcBy! .
E) + e (7 — W)
X — B. — B. N (26)
Gy v €EXP kT v
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At a given wave number, several vibrational transitions
may contribute, so one must sum over v’ and v”:

I%“talAv =

hev slec  hcBY
477"2’10271'1'0'176 exp( kT )NF;’T Qb,, leBI Blll

—_ —‘7:))'11")
AV

(27)

" ’1‘}13”
BV + g

X E oo expl: 5T

P

Summing over those values of v” and v” for which

W=y (if B, > B.)
WY =y (if B; < BY')

It is also common to treat the intensity as a function of
wavelength. Using I)AX = LAv, ¥ = 1/A, and A7 = AM/AZ,
it follows that

I{otal AN =

h elec v
4o 2h027r1'0 % exp ( c )NF” abs hCB

KT ) et QL kT B, — BY |
EY +

heBy (1 1 )
Z A A
X Goo€xp| — kT\ 2 AX

vy

(28)

summed over ¢’ and v” for which

ANU=\ (i B.>BY)

A= (if B; < B')

These formulas for the smoothed rotational model have
been derived before in Refs. (2-4). There are differences
in notation between the various results, and some actual
differences that are not important in the temperature and
wavelength range assumed here (/T > 2).

We have programmed Eq. (28), and part of the com-
puted spectrum of the CN violet transition (B23— X2X)
is reproduced (see Fig. 4). A numerical integration over
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the spectrum can then be performed. The total radiated
intensity per molecule (at 7000°K) for this transition is
shown in Table 1.

ill. The First Vibrational Model

The smoothed rotational model just presented is highly
accurate for calculating total radiation or the averaged
local details of the spectrum. However, considerable labor
is required to apply this method to particular cases—
perhaps more than is justified by knowledge of the physical
parameters or the desired accuracy of the result. Fortu-
nately, it is possible to derive simpler formulas that cor-
respond to less detailed spectral models.

To obtain the total radiated intensity per molecule in
going from electron state e’ to electron state e” (i.e., includ-
ing all bands), one can sum Eq. (16) over ¢/, v”, and J”.

felec F

The result is
0.0, ZZ" " """( kT)
X E : @y +1) exp( - -ﬁ)?f},_”,. (29)
-

Expressing in terms of densities in the lower electron state
(Eq. (19) along with the definition E, ~ E’, = hcw,, from
Fig. 1) can be used to obtain an alternate formula

e fess P

\ hevy,
N —47r-2h01r0 Q;’Q p('— kT )

E,
<22 ()
Ser E;
X (2] + 1) exp(— ?1:')73_,.,
7

(30)

Ie'—»e

N

— 47T 2’LC Ty

As a simplification, we now neglect all rotational struc-
ture, and assume, that to a good approximation for given
vibrational states, all light is emitted at a single average
frequency. That is, let

12/
E @r+1) exp(- ﬁ)*‘x =
—

Z @r+ l)exp( )E S o QF

(31)




where v,.,» is an average wave number between vibra-
tional states v” and v”. This procedure is equivalent to
using the simplified spectral model shown in Fig. 3b, as

v/_ vll
0-0

(o) SMOOTHED ROTATIONAL MODEL

(b) FIRST VIBRATIONAL MODEL

(c) SECOND VIBRATIONAL MODEL

Fig. 3. Schematic spectra for three molecular
band models

compared with the more detailed smoothed rotational
model illustrated in Fig. 3a (also see Fig. 4). Then, using
Eq. (29), the intensity per molecule for the complete elec-
tron transition becomes

e’ —~e” elec I/
L 47 - 2hccar fen Fer
N 0

Q:
Z Z E;
X qrv €XP (— 'ET‘) ., (32)

or alternatively, from Eq. (30)

Ie e F’I 4 hc'lr
— . elec__ e,TXJ _ 00
N 47+ 2hc?mr fole 007 exp ( T )

X qvrv €XP <_ kT)T"i-'v" (33)

It is comparatively simple to use these formulas to calcu-
late the total intensity; since it is not necessary to consider
all J-values, as in Egs. (29) and (30); nor is it necessary to
perform a numerical or graphical integration, as in the
smoothed rotational model. The result of Eq. (33) for the
CN violet transition is given in Table 1.

V. The Second Vibrational Model

As a further simplification, suppose that to sufficient
accuracy we can group the lines from a given upper vibra-
tional state v’ around some average wave number .

That is,
E Gorr Ve =7 E Goror =V, (34)

for the Franck-Condon factors. From Eqs. (32) and (34)
one can then write

Ie’ —~e”

N

,
e,T

Qs

E;,
X E T’?}’exp(—ﬁ) (35)

v

— . 2 1
= 4+ 2hctar felec
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or alternatively, using Eq. (33)

I~ , Qi
N =4z 2h027rrofz,l,§c Fe T Q,;én

vOo>ZV3 exp( kT)

(36)

These formulas are clearly less accurate than those of the
previous section, since it is more difficult to choose an
average wave number 7v,.. However, they provide a con-
siderable simplification for practical calculations, since the
Franck-Condon factors are not needed. Often these are,
at best, only poorly known. Therefore, it may be useless
to attempt a more accurate calculation than suggested by
Egs. (35) and (36). This second vibrational model corre-
sponds to the spectral model illustrated in Fig. 3c.

X exp(

V. The Simplest Model

As a final model, we neglect structure altogether, and
assume that all light from the electron transition (includ-

ing all bands) is emitted at a single average frequency.
That is, let

() o T V(- E) =
vy €Xp{ — kT /) Ve €xp kT ) vanv
’ ’ (37)

where 7, is the average wave number. The intensity for-
mulas of Egs. (35) and (36) then become

Ic'—»e

N

= 4 * 2hcEar el Fo v %2, (38)

or alternatively

) Gl . hc~ ]
N = 4 Zhetarfeiec FY g'fg" = ( T )

(39)

This monochromatic approximation is essentially that
introduced in Ref. 5. It is the simplest, but least accurate
of the models, because it is difficult to choose the proper
value of ¥,,. If a spectrum is not too diffuse, the value can
be guessed, or simply chosen to be ¥,, = ¥, as defined in
Fig. 1. This value was used for the CN violet transition,
and the result is given in Table 1.
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VI. Discussion

An advantage of the simpler models is that they can
be quite readily calculated by hand. Besides, the poorly
known oscillator strengths, the Franck-Condon factors, or
the rotational constants may make more elaborate calcula-
tions pointless. However, one would like to know how to
estimate the accuracy of the various models. Therefore,
they were all programmed to provide direct comparisons
in specific cases. In particular, each method has been used
to compute the total intensity per molecule of CN violet
radiation, corresponding to the B — X*3 transition. The
results are shown in Table 1.

Table 1. Total band CN violet radiation at T = 7000°K

1I/N X 10", W/molecule

. Second First Smoothed
s"“:': vibrational vibrational rotational :\:::'I
mode! model model model

1.87 2.18 2.16 2.19 2.20

The oscillator strength used was felec = 0.027, as re-
ported in Ref. 6. The Franck-Condon factors were taken
from Ref. 7, and the other molecular parameters are from
Ref. 1. In the simplest model as derived in Section V, the
7a value was chosen to be 7, as defined in Fig. 1, rather
than attempt to estimate an average wave number. Simi-
larly, for the second vibrational model, 7,- was chosen to
be the wave number of the v =v” transitions, and for the

first vibrational model, 7,,~ was chosen to be??'*" as used
in Eq. (22).

The smoothed rotational model provides an actual
detailed spectral distribution. The computer found the
intensity as a function of wavelength, a sample of which
is shown in Fig. 4. The spectrum was then integrated to
obtain the total intensity. Finally, the total radiation was
calculated by directly evaluating the sums in Eq. (30). This
latter result is quoted in the last column of Table 1. It will
be observed from the table that there is good- agreement
between the models, even for the simplest model, indicat-
ing that it would have been adequate for many applica-
tions to use one of the simpler models to find the total
intensity.

Figure 5 shows the spectral distribution obtained in the
first vibrational model, and compares it with an exact



8xi0~® T I I calculation using Eq. (21). The results of the latter com-
7 _|  putation were smeared out to give a continuous spectrum.
7=7000°K As shown in the figure, the first vibrational model pro-
6~  INPUT DATA: SPECTROSCOPIC CONSTANTS FROM | i ough idea of local features, but the model
HERZBERG; FRANCK-CONDON FACTORS Vl_des only a roug f loca .atu S .
FROM SPINDLER; f~NUMBER FROM gives a good result for the total integrated intensity, as
5 BENNETT AND DALBY —  Table 1 indicates.
4-4 oM T | | T [ f ]
41— — i
£ 6-6 22 0-0 M{ CN VIOLET BAND SYSTEM
]
‘L 5-5 3-3 ‘ =1 " : E 7 =7000 °K ]
£ } i Ax=32R
2 3 7 B 1|l —"EXACT" CALCULATION
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Fig. 4. CN violet bands calculated with the smoothed I
rotational model (individual v'-v”’ bands '
are identified) Fig. 5. Comparison of two molecular band models
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